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On the EXTRACTION of the CUBIC and other ROOTS. 

By 

Communicated by the Rev. M. YOUNG, D. D. 



\N HEN the cubic root of any number is required true to R ea d Ja- 
many places of decimals, let the given number be refolved into *"?* '' 
a binomial, making the firft term a cubic number, and the 
fum or difference of the terms equal to the given number. 
Let both terms be then divided by the firft, which makes the 
firft term i, and the fecond a fra&ion j and let the cubic root 
of this refulting binomial be refolved into an infinite feries by 
the binomial theorem ; and let as many terms of it be calcu- 
lated, as give it true to two or three more than the required 
number of places j and laftly, let this root be multiplied into 
the cubic root of the term which was made the divifor above, 
and this gives the number required. 

H 2 Thus : 
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Thus : — Let it be required to find the cubic root of 28, true 
to ten places of decimals. Firft make 28=27+1, and then divi- 
ding by 27, a new binomial 1 -f— is had, whofe cubic root is to 

be refolved into an infinite feries. Now any power of it what- 
ever may be found by the following feries, 

j m m—i m — 2 m — 3 m — 4 m— 5 ^ c 
1.27 2.27 3.27 ' 4.27 ' 5.27 ' 6.27 

where m is the index of the power. In the prefent cafe m=—^ and 
then the above feries reduced into numbers will ftand thus : 

t. + 1 _ —1 — S . —2 ^ —ii_^ — 7_ ^ ^7, &c. 
3.27 3.27 9.27 3-27 15.27 9-27 21.27 

And it is plain that of the terms of the infinite feries, the firft 
and fecond will be affirmative, the third negative, and the fol- 
lowing ones alternately affirmative and negative : and the work 
of calculating the terms will ftand thus : 

4-1,000 000 1 ft term. 

This multiplied by -^-, gives -f-0,012 345 679 0123. 2d term. 

Which multiplied by -^— , gives — ,0001524157902. 3d term. 

And 3d term multiplied by -HL, gives - +3 136 1273. 4th term. 

9.27 

And 4th term multiplied by ~ 2 ., gives 77 4352. 5th term. 

5th term multiplied by Zll, gives - - +2 1031. 6th term. 

15-27 

6th term multiplied by ~ 7 ., gives - - - —605. 7th term. 
And 7th term multiplied by Hi?, gives - - - -j-i8. 8th term. 

Having 
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Having calculated the above eight terms, and feeing that 
the whole value of a ninth term would not amount to unity 
in the laft place of decimals, that and all the following terms 
may be negle&ed ; and the fum of thefe eight, added together 
according to their figns, as follows, is the cubic root of the 

binomial H-— : 
27 

lit term - +1,000 000 000 0000 

2d term - +0,012 345 6 79 OI2 3- 

4th term - - - - - - +3 136 1273 

6th term - - - - - - - +2 1031 

8th term ------- +18 



Sura of affirmative terms 



3d term - 
5th term - 
7th term - 

Sum of negative terms 



Cubic root of H — 

27 



+ r,oi2 


348 


817 2445 


— 


-152 


415 790Z 

-77 4352 
—605 


— 


-152 


493 2859 


1,012 


196 


323 9586 



And fince 27+1 (=28) : i+- : : 27 : 1 ; V 2 g *• V 1+ JL 
: : 3 : i . If therefore the cubic root of 1 +— be multiplied 

into 



[ 6* ] 

into 3, the product will be the cubic root of 28, which is 
therefore 3,0365889718758. 

But fince each of thefe eight terms calculated above is 
imperfed, being lefs than the truth, the fum of them may 
be different from the truth. Two or three of the laft 
figures muft be omitted, and then we can be fure that the 
reft are true *. 

If 

* What figures arc to be omitted, in order that the remaining decimal may be 
true, is to be determined by finding out the greater and lefs limits of the decimal, 
and as far as thefe agree, fo far we may be certain that the decimal is accu- 
rate. Now. as a decimal firft arifes, it is lefs" than the truth, becaufe certain 
figures are emitted ; this therefore we may confider as the lefs limit ; and if 
to the laft figure we add an unit, we lhall have the greater limit. But in the 
addition, multiplication, fubtraclion and divifion of decimals, the limits of the 
fum, produdt, difference, and quotient may be determined by the following 
rules : 

1. In addition, the limits of the fum are had by adding together the greater 
limits of the quantities to be added, for the greater limit of the fum ; and the 
lefs limits together for the lefs limit of the fum. 

Thus, if the greater and lefs limits of one of the quantities be 123,5 and 
123,2 ; and the greater and lefs limits of the other be 43,2 and 43,1 ; then 
will 166,7 an( * J 66,3 be the greater and lefs limits of the fum. 

2. In multiplication, the limits of the product are had by multiplying toge- 
ther the greater limits of the factors, for the greater limit of the product ; and 
the lefs limits together, for the lefs limit of the product. 

Thus, if the limits of one quantity be 10,502 and 10,5, and the limits of 
the other be 3,216 and 3,215; then the limits of the product will be 33,774432 

3. In fubtraction, the greater limit of the lefs quantity is to be fubtracted 

from the lefs limit of the greater, for the lefs limit of the difference ; and the 

lefs limit of the lefs from the greater limit of the greater, for the greater limit 

of the difference. 

Thus, 
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If the given number had been 26, it muft then have been 
refolved into 27 — 1, and dividing by 27, the new binomial 

would have been 1 — ^, and the terms of the feries 1. 
m — 1 

3-27' 



&c. 


when 


27 
reduced 


to numbers 


would 


have 


3-27- 
been 


+ 

3- 


1 -!- 
27 9- 


5 +2 
27 3-27 


+ 11 

15.27 


+ 7 
9.27 


+ 17 
21.27 


, &c. 


And 



3-27 
of the terms of the infinite feries refulting, the firft would 

have been affirmative, and all the reft negative, which is always 

the cafe when the fecond term of the binomial is negative, 

as in the following example : 

Thus, if the limits of the greater quantity be 166,7 an ^ 166,3, and the li- 
mits of the lefs quantity be 43,2 and 43,1, then will 123,6 and 123,1 be the 
limits of their difference. 

4. In divifion, the greater limit of the dividend is to be divided by the lefs 
limit of the divifor, for the greater limit of the quotient ; and the lefs limit of 
the dividend by the greater limit of the divifor, for the lefs limit of the quotient. 

Thus, if the limits of the dividend be 33,774432 and 33,7575, and the limits 
of the divifor be 3,216 and 3,215, then will 10,506 and 10,496 be the limits 
of the quotient. 

Vide JMirifici Logarith. Canonis ConJlruElio. Edinburg 1619} vel Lugduni 1620. 

In the example given above 1,0123488172445 is the lefs limit of the Aim of 
the affirmative terms, and 1,0123488172449 the greater limit. In like manner, 
,0001524932859 is the lefs limit of the fum of the negative terms, and 
,0001524932862 the greater limit ; therefore according to rule 3. 1,0121963239583, 
and 1,01 2 19^3239590, are the lefs and greater limits of the fum of all thefe 
terms added together according to their figns. And confequently 3,0365889718749 
and 3,0365889718770 are the lefs and greater limits of the cubic root of the 
number 28. 

of 
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Let it be required to find the cubic root of 210, true to 
twelve places of decimals. The neareft cube number to 210 
is 216, the cube of 6. Therefore making the binomial 216 — 6, 



and dividing by 216, the new binomial is 1- 



= 1 ;, and the 

36 



216 
m. — 1 m — 1. — 1 



feries which yields any power of it, is 1. 
_„ _ 1 . 36 2 . 36 

iV ~ , &c. Which reduced to numbers is 



3-36 



4-3 6 
+ 1 -f $ 



-I- 1 



+ ri 



+7 



+17 -+-5 



3.36 3.36 9.36 9.6 15.36 9.36 21.36 6.36 
and the calculation ftands thus : 



&c. 



1 ft term multiplied by —-7 - 



+1 



2d term multiplied by ~-q - 



+5 



3d term multiplied by ~— j - 



+1 



4th term multiplied by g— - 



9 



5 th term multiplied by - 6 

+7 
6th term multiplied by ~f~^ 

+17 



7th term multiplied by 21 6 - - - 
8th term multiplied by - 6 6 - 

Sum of the negative terms - — 0,009 346 341 206 142 



1,000 000 000 000 000. ift term. 
-9 259 259 259 259. 2d term. 

85 733 882 030. 3d term. 

- —1 323 053 735. 4th term. 

— 24 500 995. 5th term. 

- — 499 094. 6th term. 

- — 10 782. 7th term. 

— 242. 8th term. 

- — 5. 9th term. 



Sum of all the terms, added? , , , „ g g 

according to their figns 3 '" 53 5 793 5 

The fum of all the terms? , _.. j0 

multiplied by 6 5 5*43 9*' 95* 7*3 M* 



Having 



Having found thefe nine terms, and negle&ing all the reft 
for the reafon given above, let them be added according to their 
figns, and their fum is the cubic root of the binomial i — -rg 

And fince 216 — 6 (= 210) : 1 ^ : : 216 : 1, it will be 

VTTo : V'i \'- : 6 : 1. Therefore let the cubic root of 1 ~» 

36 36 

found above, be multiplied into 6, and the number refulting, which 

(neglecting the three laft figures*) is 5,943921952763, is the 

cubic root of 210, true to twelve places of decimals, as was 

required. 

The given numbers in thefe two examples, were purpofely 
chofen fuch as fhould make the operation eafy. But in 
other examples, the difference between the given number and 
the cube number next greater or next lefs, may be fo great 
in proportion to that cube, as to make the fraction, (the fe- 
cond member of the binomial,) too large : In thefe cafes 
the feries will converge fo flowly, that the labour will be almoft 
intolerable. Thus, if the given number were 13, it muft be 
made equal either to 8+5, or to 27 — 14, and the binomial will 

be either i4~, or 1 — --. If the given number be 3, the bino- 
mial will be 1 1; and if the given number be 2, the binomial 

o 

will be 1 — -. In all thefe cafes, and fuch like, the feries 

* As before, the numbers 0,009346341206142 and 0,009346341206150 are the 
lefs and greater limits of the fum of the negative terms ; and the numbers 
0,990653658793858 and 0,990653658793850 are the greater and lefs limits of 
the fum of all the terms added together according to their figns. Confequently 
5,943921952763148 and 5,943921952763100 are the greater and lefs limits of 
the cubic root of the number 210, which agree even to thirteen places of deci- 
mals ; and therefore the root itfelf is fo far accurately calculated. 

I will 
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will converge fo flowly, that a very great number of terms tnuft 
be calculated, and therefore the labour will be immenfe. This, 
however, is an inconvenience that may be remedied ; for in- 
ftead of refolving the given number into a binomial, let it be 
multiplied into fome cube number, fo as that the product may 
be nearly equal to fome other cube number ^ and let this pro- 
duct be refolved into a binomial, and its root found ; which 
being multiplied into the cubic root of the divifor, as above, 
and divided by the cubic root of the number into which the 
given number was multiplied, the quotient is the root re- 
quired. 

Thus if the cubic root of 2 be required, it might be refolved 
into 8 — 6, and dividing by 8 it would become 1 — j. But this 
is to be rejected for the reafon given above. Multiplying there- 
fore 2 into 8, the product 16 gives the binomial 1 — — . But 
here alfo the fraction ~» (though lefs than the former,) is too 
great. Multiplying then 2 into 27, the next cube number, the 
product 54 gives the binomial 1 — J^> where the fraction is 
ftill lefs, and might be ufed, only that on multiplying 2 into 
64, the next cube number, the product 128 gives the binomial 

i+— > which is as convenient as can be defired. 

Find therefore its cubic root, by the method above, and 
multiply it into 5, (the cubic root of the denominator of the 
fraction,) and the product is the root of 128 : And this root be- 
ing divided by 4, (the cubic root of the multiplier 64,) the quo- 
tient is the cubic root of 2, as was defired. 

That 
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That this method may always be ufed when there is occa- 
sion, it is neceffary to folve the following 

PROBLEM. 

A number, not a cube number, being given, it is required 
to find a cube number, which multiplied into the given num- 
ber, fhall give a produd nearly equal to fome other cube 
number. 

Suppose n a given number, not a cube, it is required to find 
two other numbers, a the greater, and b the lefs, fo as that a 3 fhall 
be nearly equal to nfa> or that the fradion 1^— , or ^-™- 
fhall be very fmall. 

When the given number is fmall, the numbers a and b 
may be found by a few and eafy trials ; but if it be 
great, the folution by trials is very difficult. But a general 
and diced folution of it was fuggefted by the folution of a 
problem, nearly of the fame nature, by Dodor Wallis, and pub- 
lished by him in the Commercium Epijiolkum, at the end of the 
fecond volume of his works. An example will fufiiciently fhew 
the method ufed in the folution. 

Let the given number be 13; and a* will be nearly 
equal to 13 b\ Call the difference j, and we fhall have this 
equation, a i =iT ) P+y. We are next to find the limits of a 
with refped to b ; that is, to find the multiples of b which are 
next lefs and next greater than a. And fince the cubic root of 

I 2 13 
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13 is between 2 and 3, zb and $b are the limits, of which lb 
is nearer to a; and being lefs than a, make a=2b-{-c i and by 
fubftituting we have this equation : 

8 £ 3 + 1 2 £v+6 ££ a +<; 3 = 1 3 £ 3 + j/ } 

which by reduction becomes 

5 P= 1 2 <fcof-6 i^+c 3 +jp. ivVy? anfwer. 

In this equation alfo we are to determine the limits of b 
the greater quantity with refpect to c the lefs ; which may be 
done by fubftituting fome multiple of c for b : and according as 
the left fide of the refulting equation is lefs or greater than the 
right fide, that multiple is lefs or greater than the truth. And 
to avoid unneceffary trials, let the coefficient of the firft term 
on the right fide of the equation, be divided by the coefficient of 
the term that ftands on the left fide ; and the quotient, (ne- 
glecting the fraction,) multiplied into the lefs quantity, will be 
one of the limits, or near it. And when all the terms on the right 
fide have affirmative figns, the limit thus found will be lefs than the 
truth ; but when fome of them have negative figns, it will probably 
be greater than the truth. Thus, in the laft equation above, 
divide 12 by 5, and the quotient being 2, make b=2c, and 
upon trying it will be found, that <ic is lefs than the truth ; 
therefore make £=3 c, and upon trial 3 c will be found 
greater than the truth. Therefore zc and %c are the limits of 
b, of which 3<r feems nearer to the truth ; therefore make 
b=$c — d, and by fubftituting, this equation refults, 

135.C 3 — i35cV-f-45fi z — 5t/ 3 zrio8t 3 — -]zc i d-> r i2cd i -\-iZc i — 6c z d-\-c' i ^y ; 

and by reduction, 

Sf 3 =.57<:V — 33rrf i -f-5^ 3 +.) , • Second anfwer. 

Here 
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Here alfo, as before, we are to find the limits of c the 

greater quantity with refpeft to d the lefs ; and they appear to 

be 6d and 7 d ; of which 6d feems the more convenient. 

Making therefore c=6 d+e, there refults this equation, 

1728^4-364^-1-144^^ 8^=ao52rf ? +<584^H-S7^ 1 — 198 rf 3 — 33^+5^ 3 +>'i 

which by redu&ion becomes 

1 3 1 </ 3 =2 1 2d*e-{-8 7 ^ a -J-8 £ 3 +y. Third atifwer. 

Here alfo the limits of d being found to be e and 2t; 
and 2 e being nearer the truth, make d—ie—ft and this equa- 
tion refults, 

1048*3— 1 5 72* 1 /+786*/*— 131/3=852*5— 852<; J /+2i3*/ l +i74*'— 87*y-f8« 3 ±yj 
which by reduction becomes 
i4f J =633«*/— 573#/*+ I 3 I / 3 iJ'- F° ur, h ""fa""- 

Here the limits of e are 44/" and 45/^ Therefore making 

e=44/f i jr, this equation refults, 

n92576/ 3 +8i3i2^+i848/^+i4^=i225488/3-fsS7o4/^+633/^±jr 

—25412/'— 573/^ 
+ «3'/ J 
which by reduction becomes 

783i/ 3 .=26i8i/*£-|-i2i5/g*-t-i4£ 3 +J'. Fifth anfwer. 

And the limits ofy being 3^ and 4^, make f^^g+hy and 

this equation refults, 

311437 £ 3 -r"2"437 £ 1 'H-7°479£ A*-f?8ji ^=335629^34,57086^+26181 £ /^^ 

+ 3 6 45£ 3 + 1215^' 
+ Htf 5 

and by reduction 

27851 £'=53136 £ , H44298£/i*-f783i #+j>. &*a* «/w, 



In 
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In the fame manner, may be found as many anfwers as any 
one (hall pleafe, and in every fucceeding anfwer the deno- 
minator of the fra&ion, (the fecond member of the binomial,) 
becomes greater j but the fraction itfelf, (which is ultimately 
fought by this investigation,) becomes lefs. Now by the help 
of any of the above equations marked Jirjl, fecond^ third, &c. 
anfwers, may the values of a and b be found. Thus, in any of 
thofe equations make the lefs quantity =o and the greater =i, 
and from thefe, by going backward, may fucceffi very be found 
the values of all the letters that had been thrown off by the 
feveral fubftitutions, until we come to b and a ; and the value 
of j' will be the coefficient of the term on the left fide of that 
equation, where the greater and lefs quantities were made 
=i and o. Thus, in the fourth anfwer, if we make ,/==o and 
e=i, then will 

d={'ie—f=) 2 

c=z{6d+e=) 13 

t>=( 3 c—d=) 37 

a~(2b+c=) 87 

Now the cube of 37 is 50653, which multiplied by 13 gives 
658489, and the cube of 87 is 658503; and the difference is 
14, the coefficient of the term on the left fide of that equation : 
and when the fign of jy is +, as in the firft equation, a 1 will 
be greater than the multiple of b\ and therefore in the bino- 
mial, the fign of the fractional part will be negative : But when 
the fign of y is 3jT, a* will be lefs, and the fractional part of 
the binomial will have a pofitive fign. 

In 
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In the following table are put down the values of b, a y and 
jy, according to each of the fix anfwers inveftigated above ; and 
annexed are the binomials refulting from thefe anfwers : any- 
one of whofe roots, being rcfolved into an infinite feries, will 
ferve for finding the cubic root of 13, 





Value 
of b. 


Value 
of a. 


Value 
oij. 


The refulting binomial, whofe 
root is to be refolved into an 
infinite feries. 


By 1 ft anfwer 


1 


2 


5 


•4 


2d 


3 


7 


8 


« + 3li 


3d 


17 


40 


131 


*3* 

T 

64OOO 


4th 


37 


87 


H 


658503 


5th 


1611 


3788 


7831 


7 8 3 I 
I+ 54353799 8 7* 


6th 


4870 


11451 


27851 


27851 
1501516966851 



If any one fhall ever ufe this method of extracting the cubic 
root, it muft be left to his judgment, to determine how far this 
inveftigation is to be continued. On the one hand the fra&ion, 
(the fecond member of the binomial to be evolved,) becomes lefs, 
and therefore the feries will converge the fafter. But,, on the 
other hand, the trouble of continuing the inveftigation, when 
the numbers become large, and of dividing by a large divifor 

afterwards, 
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afterwards, is much increafed. Indeed when the given number 
confifts of many places of figures, the labour of dividing by a 
large divifor cannot be avoided. But the trouble of invefligation 
may be faved, as the cube number next greater or next lefs 
than the given number, may be made the firft member of the 
binomial, into which the given number is refolved. 

If the given number be a decimal fra&ion, or an integer 
with a decimal annexed, it will be convenient to reduce it to 
an integral number, by removing the nota Jeparatrix to the 
right hand over a number of places which muft always be di- 
vifible by 3 : (one or two cyphers being added after the figni- 
cant figures, when necefTary, to make the number of decimal 
places a multiple of 3 :) And when the root of the integral num- 
ber is found, as many of its integral figures are now to be added 
to the decimals, as there were ternaries of decimal figures, before 
added to the integers. 

If the given number be a vulgar fraction, (either proper or im- 
proper,) let the fquare of the denominator be multiplied by the 
numerator, and the cubic root of the product be found as 
above ; and let the given denominator be fubferibed under this 
root, if a vulgar fraction be fufEcient : Or let this root be divided 
by it, if a decimal fraction be necefTary. 

By a like procefs (mutatis mutandis) any root may be extracted 
out of a given number : but when the index of the root is any 
term of the duple progreffion, beginning from unity, the operation, 
as is well known, may be otherwife performed in a more fimple 
manner. 



